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Abstract. A parametric mixture model of three different distributions is proposed to analyse heterogeneous survival data. The 
maximum likelihood estimators of the postulated parametric mixture model are estimated by applying an Expectation 
Maximization Algorithm (EM) scheme. The simulations are performed by generating data, sampled from a population of three 
component parametric mixture of three different distributions. The parameters estimated by the proposed EM Algorithm scheme 
are close to the parameters of the postulated model. To investigate the consistency and stability of the EM scheme, the 
simulations are repeated several times. The repetitions of the simulation gave parameters closer to the values of postulated 
models, with relatively small standard errors. Log likelihood, AIC and BIC are computed to compare the proposed mixture 
model with parametric mixture models of one distribution. The calculated values of Log likelihood, AIC and BIC are all in 
favour of the proposed parametric mixture model of different distributions. 
Keywords: Survival time analysis, Maximum likelihood, EM-Algorithm, mixture model, simulation, Exponential 
distribution, Gamma Distribution, Weibull Distribution. 
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 INTRODUCTION 
The survival time data analysis is concerned with the analysis of time to occurrence of a particular event of 
interest. The data are usually related to clinical studies of human or laboratory studies of animal or studies to test the 
life time of some devices. Historically, nonparametric techniques were used to handle survival data. Parametric 
distributions are the conventional techniques in statistics; they are very useful if the selected parametric probability 
distribution fits the data properly. The most frequently used parametric distributions in survival time data analysis 
include the Exponential, Gamma, and Weibull among others. [1]- [4].  
 A two-component mixture model of the Weibull-Weibull distribution was proposed to model survival time data 
[5]. She investigated the consistency of estimates of the parameters of the model. Also heterogeneous survival time 
data were modeled by a mixture model of Gamma-Gamma, a mixture of Lognormal-Lognormal and a mixture of the 
Weibull- Weibull distributions, where the best fit model to real survival time data was investigated [6]. A mixture 
model of mixed distributions was proposed to model heterogeneous survival time data, where a two component 
mixture model of the Extended Exponential-Geometric (EEG) distribution was used [7]. In an approach to employ 
different distributions, a mixture of two different distributions Exponential-Gamma, Exponential-Weibull and 
Gamma-Weibull were used to model heterogeneous survival data [8]. 
The death after an open heart surgery has been catigorized  into three overlapping phases which could be 
modeled by a three component parametric mixture model instead of the conventional parametric survival model [9]. 
Different modes of hazard in heterogeneous survival time data could be appropriately modeled by parametric 
survival mixture model of different distributions instead of the conventional survival parametric model or a mixture 
of a single distribution. A parametric mixture model of different distributions of exponential gamma and weibull 
distribution has been proposed [10]. The maximum likelihood parameters of the model were estimated via the 
Expectation Maximization Algorithm (EM). The EM Algorithm is effectively used in cases of data with missing or 
unobserved observations [11]. The maximum likelihood estimates of the parameters of the parametric survival 
mixture model are usually estimated by employing EM algorithm [12]-[13]. 
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This paper investigates the consistency and stability of EM in estimating the parameters and the appropriateness 
of a mixture of three different distributions in analysing heterogeneous survival time data. It also uses the maximum 
likelihood value,  Akaike Information Criterion (AIC) and  Bayesian Information Criterion (BIC) to select the best 
mixture model that fits the data. The article is arranged as follows. Heading two to discuss survival analysis and 
some frequently used theoretical distributions and their properties. Heading three will be devoted to discussing the 
mixture model of three different distributions in the survival time analysis, and the implementation of EM scheme to 
estimate the maximum likelihood estimator of the model. Heading four is devoted to simulation, to investigate 
convergence of the EM, consistency and stability of the scheme, estimation of the parameters of the model and 
model selection. 
SURVIVAL ANALYSIS AND FUNCTIONS 
Survival analysis deals with the implementation of certain statistical techniques to model and analyse survival 
time data. The primary interest in such data is the endpoint time when an event of interest occurs. The response of 
primary interest  is a non-negative random variable representing survival time of an individual and can be 
described by three important functions. The probability density function (pdf) denoted by , which can be written 
as 
      (1) 
Where is the distribution function of response variable T. The survival function denoted by ,  which can be 
written as 
      (2) 
that represents the probability that an individual survives beyond time . The hazard function which is denoted by 
, and can be written as   
   (3)
 representing the probability that an individual fails within a small interval , given that the individual 
survived  to the beginning of the interval. These three functions are equivalent if any one of them is known then the 
two others can be derived [4]. The probability density function , survival functions  and hazard functions 
 of these distributions are highlighted below.  
Exponential Distribution                              (4) 
       (5) 
Gamma distribution                       (6) 
      (7) 
            where  is known as the incomplete Gamma function.  
Weibull Distribution                     (8) 
      (9) 
 PARAMETRIC MIXTURE MODELS 
In recent years finite parametric mixture models have been employed in modeling survival time data analysis. 
The parametric survival mixture models demonstrated high flexibility, and they are good choice in situations where 
a single parametric distribution may not suffice [12].  
Let  be a random sample from the random variable  which represents the survival time of n individuals, 
where  is the survival time corresponding to ith individual. Assume that the probability density function  of the 
random variable  is expressed in a linear mixture as follows; 
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                       (10) 
where the density of the jth component of the mixture is , the set of parameters corresponding to the jth 
density is  and the quantities …,  are defined to be the mixing probabilities corresponding to the 
components of the linear mixture, where  and , for . 
In the same way the survival function can be expressed as a linear mixture of the survival functions of the 
components of the model. 
                                            (11) 
Where  denotes the survival function of the jth component. 
This paper proposes a parametric mixture model of three different distributions, consisting of Exponential, 
Gamma and Weibull distributions to model heterogeneous survival time data. It is assumed that the mixture model is 
sampled from a population consisting of three subpopulation or subgroups. The mixture model is defined as 
 Θ   (12) 
Where ′  are the mixing proportions or mixing probabilities and . The functions  ,  and , as 
defined in (4), (6) and (8), are the probability density functions of Exponential, Gamma and Weibull distributions 
respectively.   
The EM Algorithm is frequently employed in the literature as an efficient technique to estimate the maximum 
likelihood estimators of finite mixture models [13]. The algorithm proceeds in two steps, E step and M step. The E 
step to estimate the conditional expectation of the mixing probability and in the M-steps of the EM algorithm, the 
log likelihood function  will be maximized subject to the restriction that  . The steps will be 
repeated till the convergence criterion is achieved [8]. 
SIMULATION 
In the simulation study a samples of size 400 observations was generated from three-component survival mixture 
model of Exponential, Gamma and Weibull. An EM Algorithm scheme was developed to estimate the maximum 
likelihood estimates of the parameters of the proposed model. No restriction was  imposed on the number of 
iterations and convergence was achieved when the differences between successive estimates were less than 10-4.  
The underlying set of parameters used to simulate the survival data for the mixture model of Exponential, 
Gamma and Weibull consist of; the mixing probabilities of first and second components ( = 0.1, = 0.5), the 
parameter of Exponential distribution parameter ( ), the shape and scale parameters of the Gamma 
distribution are ( , ) respectively, and the shape and scale parameters of the Weibull distribution are 
( , ) respectively. Approximately 11% of the simulated data for the second underlying model are 
censored observations. 
The underlying mixture model is  
 
Where the density functions fE, fG and fW Exponential, Gamma and Weibull densities as defined in equations (4), (6) 
and (8). The result of the parameter estimation displayed in Table 1 shows that the model estimated parameters are 
close to the values of the true parameters of the underlying parametric mixture model.  
TABLE (1): The result of the simulation of the second set of parameters 
Parameter        
Postulate model  0.1 0.5 1.5 5 9 2 10 
Estimates 0.0946 0.5070  1.5672 5.3405 9.0000 1.9424 10.3379 
Figure 1 displays the graphical comparison between the probability density function of the proposed parametric 
mixture model of Exponential, Gamma and Weibull distributions and the probability density functions of each pure 
single distribution. It can be observed that the proposed model fits the simulated data better than the individual pure 
distributions, which shows that, the data is better modeled with a mixture model than a pure probability distribution.  
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FIGURE 1: The density functions of three component parametric mixture versus the density functions of each pure distribution 
of the second set of parameters 
The simulation was repeated 50, 100 and 450 times to investigate the consistency and stability of the EM 
scheme. The averages and the standard errors of estimated parameters of the three component mixture model are 
listed in table 2. The averages of the parameters are close to the parameters of the underlying model with standard 
errors relatively small, which suggest that, the EM scheme performed consistently in estimating the parameters. It 
can be observed that as the number of iteration increases the estimated values come closer and closer to the values of 
the parameters of the underlying mixture model. 
TABLE (2): The result of the repeated simulation of the second set of parameters  
Parameter        
Postulate model  0.1 0.5 1.5 5 9 2 10 
50 times Θ  0.0962 0.4979 1.4945  4.7454 9.000 1.9894 10.2990 
Θ  0.0080 0.0096  0.0991  0.3934  0.000 0.0133 0.1447 
100 times Θ  0.0957   0.4988   1.4997  4.7799  9.000 1.9832 10.2942 
Θ  0.0077  0.0101 0.1094  0.3899  0.000 0.0146 0.1448 
450 times Θ  0.0955  0.4989  1.4934  4.7766  9.000 1.9793 10.2862 
Θ  0.0073  0.0091 0.1022 0.3712  0.000 0.0134 0.1319 
Note: av , se are the averages and standard errors of the estimated parameters respectively. 
Mixture models of single distribution Exponential, Gamma and Weibull were fitted. The fitted models were 
compared with the proposed mixture model. Table 3 shows the parameters of the fitted models along with the log 
likelihood values, AIC and BIC. The values of log likelihood, AIC and BIC shows that the proposed model fits the 
data better the three other mixture models. 
TABLE (3). Comparison between the proposed model and mixture of single distribution models 
 E_G_W  E_E_E  G_G_G  W_W_W 
 0.09  0.04  0.31  0.07 
 0.51  0.27  0.34  0.54 
 1.57  0.64  4.09  1.50 
 5.34  0.62  4.95  1.20 
 9.00  0.13  130.30  9.00 
 1.94    3.0303  2.82 
 10.34    1.25  4.56 
     12.5  10.39 
logLik -882.42 logLik -1051.30 logLik -982.88 logLik -885.80 
AIC 1778.84 AIC 2112.60 AIC 1981.76 AIC 1787.59 
BIC 1806.78 BIC 2132.56 BIC 2013.69 BIC 1819.52 
For graphical comparison the density of mixture model of each distribution was plotted with its corresponding 
pure densities. In figure 2 the parametric mixture model of exponential distribution is plotted together with the pure 
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distributions. The graph shows that the mixture model does not seem to fit the data. None of the pure exponential 
distributions seems to be appropriately fitting the data.   
 
FIGURE 2: The density functions of three components parametric Exponential mixture versus the density functions 
of each single Exponential distribution of the second set of parameters 
 
FIGURE 3: The density functions of three components parametric Gamma mixture versus the density functions of each single 
Gamma distribution of the second set of parameters 
Figure 3 displays the parametric mixture model of gamma distribution along with the pure gamma densities. The 
parametric mixture model does not seem to fit the data well, likewise the pure gamma distributions.  
 
FIGURE 4: The density functions of three components parametric Weibull mixture versus the density functions of each single 
Weibull distribution of  the second set of parameters 
A parametric mixture of Weibull distribution was plotted together with the densities pure Weibull distribution in 
figure 4. None of densities of the Mixture model and the pure Weibull distributions seemed to fit the data well.  
The proposed parametric mixture model was plotted along with the parametric mixture models of a single 
distribution of Exponential, Gamma and Weibull in figure 5. The graph shows that the proposed model represented 
by the solid line fits the data much better than the other parametric mixture models of single distribution. 
CONCLUSIONS 
A survival mixture model of three different distributions namely, Exponential, Gamma and Weibull was 
proposed in this paper to model the heterogeneous survival time data. The maximum likelihood estimators of the 
parameters of the parametric mixture model were obtained by developing an EM algorithm scheme. The EM scheme 
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converged successfully to value close  to the parameters of the underlying model. The consistency and stability of 
the EM were investigated through repeating the simulations up to 450 times. The results revealed that the EM was 
stable and consistent in estimating the parameters of the proposed parametric mixture model. The mixture models of 
single distribution, Exponential, Gamma and Weibull were fitted and their log likelihood values were computed to 
compare them with the proposed model. The values of the log likelihood were in favour of the proposed model. 
Moreover, the AIC and BIC were also computed and both of them supported the proposed model. The mixture 
model of three different distributions, Exponential, Gamma and Weibull could be successfully applied to model 




FIGURE 5: The proposed parametric mixture versus mixture models of each single distribution of the second set of parameters 
*Note: All computations are performed with the R language version 2.14.1 (2011 -12-22) http://CRAN.R-
project.org 
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